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ABSTRACT
Noise and reverberation can signiſcantly affect the performance
of time delay estimation (TDE) in room acoustic environments.
The multichannel cross-correlation coefſcient (MCCC) algorithm,
which extends the traditional cross-correlation method from two to
multiple channels, can exploit the spatial information among multiple microphones to improve the robustness of TDE with respect
to environmental noise; but this algorithm is not robust to reverberation. The multichannel spatiotemporal prediction (MCSTP) algorithm uses both the spatial and temporal information provided by the
array. This algorithm improves signiſcantly the robustness of TDE
with respect to reverberation; however, it is found sensitive to noise.
In this paper, we develop a multichannel spatiotemporal sparse prediction (MCSTSP) algorithm for TDE. This algorithm obtains a
good compromise between robustness of TDE to noise and that to
reverberation through making a tradeoff between pre-whitening and
non-prewhitening. This is achieved via adjusting a regularization
parameter, which is solved by an augmented Lagrangian alternating direction method of multipliers (ADMM). The property of this
developed algorithm is justiſed with numerical experiments in both
noisy and reverberant environments.
Index Terms— Time delay estimation (TDE), acoustic source
localization, alternating direction method of multipliers (ADMM),
microphone arrays, multichannel spatiotemporal sparse prediction
(MCSTSP).
1. INTRODUCTION
Time delay estimation (TDE), which aims at measuring the relative
time difference of arrival (TDOA) based on the signals captured by
an array of sensors, play a crucial role in radar, sonar, and hands-free
speech communications for localizing and tracking radiating sources
[1]–[3]. TDE has been an active research topic since the landmark
work, generalized cross-correlation (GCC) method, was proposed
by Knapp and Carter [4], [5]. Besides the GCC method, commonly
used TDE approaches also include the blind channel identiſcation
based techniques [6]–[9], the information theory based algorithms
[10]–[12], and the methods exploiting some characteristics of speech
signals [13], [14]. Due to its simplicity and ease of implementation,
GCC [4], [5] is popularly used in the existing systems. In room
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acoustic environments, however, TDE using microphone arrays remains an open problem primarily due to the adverse effect of noise
and reverberation.
In this paper, we develop a multichannel spatiotemporal sparse
prediction (MCSTSP) algorithm to estimate TDOA. This algorithm
uses the sparsity of prediction coefſcient matrix of speech signals to
construct an F/1 -norm optimization cost function, which is solved
by the augmented Lagrangian alternating direction method of multipliers (ADMM) [15]. Through adjusting a regularization parameter, this developed algorithm can make a proper tradeoff between
pre-whitening and non-prewhitening and, as a result, can achieve a
good compromise between robustness to noise and robustness to reverberation. The performance of this approach is demonstrated via
experiments in both noisy and reverberant environments.
2. TDE VIA MULTICHANNEL SPATIOTEMPORAL
SPARSE LINEAR PREDICTION
2.1. Signal Model
Let us start from an ideal signal model for TDE, where there is a
broadband sound source in the farſeld, which radiates a plane wave,
and we use an array of M microphones to collect the signals. If
we choose the ſrst microphone as the reference point, the signal
captured by the mth microphone at time n is then modeled as
xm (n) = αm s[n − t − fm (τ )] + wm (n), m = 1, 2, . . . , M,
(1)
where αm , m = 1, 2, . . . , M , are the attenuation factors due to
propagation effects, s(n) is the unknown zero-mean and reasonably
broadband source signal, t is the propagation time from the source to
microphone 1, wm (n) is the additive noise at the mth microphone,
which is assumed to be uncorrelated with both the source signal and
the noise observed at other microphones, τ is the TDOA between the
ſrst and second microphones due to the source, and fm (τ ) is the relative delay between microphones 1 and m. In this paper, we consider
an equispaced linear array. Therefore, we have fm (τ ) = (m − 1)τ
under the far-ſeld assumption. With the above signal model, the goal
of TDE is to estimate the time delay τ given the signals received at
M microphones. For a hypothesized time delay p, we use the time
shifted signal xm [n + fm (p)] to align the microphone signals. To
simplify the notation, let us write xm [n + fm (p)] as xm (n, p).
2.2. Algorithm Derivation
Let us stack the samples captured by M microphones into a vector
x (n, p) =



x1 (n, p)

x2 (n, p)

···

xM (n, p)

T

,

(2)
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where (·)T denotes the transpose of a vector or matrix. We also
deſne another vector of the mth channel at time n − 1 as follows:

0

xm (n − 2, p)

···

xm (n − K, p)

T

. (3)

Now, we consider predicting x (n, p) in (2) from the past samples of
the M channels x 1 (n − 1, p), x 2 (n − 1, p), . . ., x M (n − 1, p), i.e.,
x1 (n − 1, p) + A 2 (p)x
x2 (n − 1, p)
(n, p) = A 1 (p)x
x
xM (n − 1, p),
+ · · · + A M (p)x

Ŧ0.5

(4)

where A m (p) ∈ RM ×K , m = 1, 2, . . . , M , are the coefſcient matrices of the multichannel forward predictor. The prediction error
vector can then be written as
(n, p)
 (n, p) = x (n, p) − x

Normalized amplitude

x m (n − 1, p) =

xm (n − 1, p)

0.5

(a)

Ŧ1
1
0.5
0
Ŧ0.5

(b)

Ŧ1
1
0.5
0
Ŧ0.5

= x (n, p) − A T (p)yy (n − 1, p),

(5)

Ŧ1

(c)
0

40

80

120

where
 (n, p) =
A (p) =




1 (n, p)
A 1 (p)

2 (n, p)
A 2 (p)

···

···

M (n, p)
T
A M (p)

T

,

(6)
(7)

is the KM × M coefſcient matrix of the multichannel forward
prediction-error ſlter, and
y (n − 1, p) =
 T
x 1 (n − 1, p)

x T2 (n − 1, p)

···

x TM (n − 1, p)

T
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Fig. 1. Illustration of the MCSTSP coefſcient matrix, where the
predictor length is 80 and four microphones are used. (a) A column
vector of the MCSTSP coefſcient matrix of a clean speech signal;
(b) the column vector of the MCSTSP coefſcient matrix estimated
using the least squares method (F -norm criterion) at the SNR of 5
dB; (c) the column vector of the MCSTSP coefſcient matrix estimated with the F/1 -norm criterion at the SNR of 5 dB (δ=0.1).

(8)

is the time-shifted signal vector received at M microphones. In matrix form, the error vector in (5) can be written as
A(p),
E (n, p) = X (n, p) − Y (n, p)A
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(9)

where
E (n, p) =

T
 (n, p)  (n + 1, p) · · ·  (n + K + L − 1, p)
, (10)
X (n, p) =

T
x (n, p) x (n + 1, p) · · · x (n + K + L − 1, p)
, (11)
Y (n, p) =

T
y (n − 1, p) y (n, p) · · · y (n + K + L − 2, p)
. (12)
The conſguration of the traditional linear predictor uses a cascade of a long-term predictor and a short-term predictor [16], [17].
The consequent prediction coefſcient vector is highly sparse [18].
In the case of multichannel linear prediction, the prediction coefſcient matrix is also of sparsity, as illustrated in Fig. 1(a). This sparsity, however, greatly deteriorates when noise is present, which can
be seen from Fig. 1(b). Since the prediction coefſcient matrix is
sparse for clean speech signals, we can use this property to improve
the robustness of the estimation of the linear predictor in noise. To
this end, we impose a sparse regularization term to the least squares
criterion. Then, we propose the following F/1 -norm optimization
criterion to preprocess the microphone signals:


1
A(p)1 ,
X (n, p) − Y (n, p)A
A(p)2F + λ A
(13)
min
X
A (p)
2
where  · F denotes the Frobenius norm of a matrix,  · 1 stands
for the 1 -norm of a matrix (i.e., the sum of the absolute values of



all the entries of the matrix), and the parameter λ > 0 is a scalar
regularization parameter.
It is obvious that (13) is a convex optimization problem, which
can be solved by many existing methods, such as the linear programming [19], the interior point method [20], the primal-dual interior
point method [21], etc. In this work, we adopt the ADMM, which
can efſciently use the separability of multiple variables [15] to solve
this problem.
By means of an auxiliary matrix Z (p), (13) can be equivalently
written as

1
X (n, p) − Y (n, p)A
A(p)2F + λ Z
Z (p)1 :
X
min
Z (p)
A (p),Z
2

A (p) − Z (p) = 0 .
(14)
This is an augmented Lagrangian subproblem, which can be formulated as

1
X (n, p) − Y (n, p)A
A(p)2F + λ Z
Z (p)1
X
min
Z (p)
A (p),Z
2

β
Θ (p), A (p) − Z (p) + A
A(p) − Z (p)2F , (15)
+ Θ
2
where Θ (p) ∈ RKM ×M is the multiplier of the linear constraint,
Θ (p), A (p) − Z (p) =
Θ

1  T
A(p) − Z (p)]
tr Θ (p)[A
2


A (p) − Z (p)]T Θ (p)
+ [A


A(p) − Z (p)]
= tr Θ T (p)[A

(16)

denotes the matrix inner product with tr(·) being the trace of a
matrix, β > 0 is a penalty parameter for the violation of the linear constraint. The augmented term, i.e., the fourth term within
the braces of (15), is introduced to ensure that the objective funcZ k (p), Θ k (p)], we can obtain
tion is strictly convex. Given [Z
Ak+1 (p), Z k+1 (p), Θ k+1 (p)] by alternating minimization of (15)
[A
with respect to one variable while keeping the other variables ſxed.
First, when Z (p) = Z k (p) and Θ (p) = Θ k (p) are ſxed, the minimization of (15) with respect to A (p) is equivalent to

1
X(n, p) − Y (n, p)A
A(p)2F
X
min
A (p)
2

β
A(p) − Z k (p) + Θ k (p)/β2F ,
(17)
+ A
2
whose solution is
Y (n, p) + βII
A k+1 (p) = Y T (n, p)Y

X(n, p) + βZ
Z k (p) − Θ k (p) ,
× Y (n, p)X

(18)

where I denotes the identity matrix of size KM × KM .
Then, when A (p) = A k+1 (p) and Θ (p) = Θ k (p) are ſxed, the
minimization of (15) with respect to Z (p) is equivalent to


β
Z (p)1 + A
Ak+1 (p) − Z (p) + Θ k (p)/β2F .
min λZ
Z (p)
2
(19)
Z (p) +Θ
Θ k (p)/β, then (19) can be rewritten
Let Φ (p) = A k+1 (p) −Z
as


β
Φ(p)2F =
Z (p)1 + Φ
min λZ
Z (p)
2

KM M

2 
β

Φ(p))i,j 
Z (p))i,j | + (Φ
min
λ|(Z
, (20)
Z (p)
2
i=1 j=1
where (·)i,j denotes the (i, j)th element of a matrix. It can be seen
Z (p))i,j , i = 1, 2, . . . , KM, j =
from (20) that the variables (Z
1, 2, . . . , M , are decoupled (separable). Hence we obtain a simple
problem of minimizing a scalar function given by

Z (p))i,j |
λ|(Z
min
Z (p))i,j
(Z
2 
β 

Ak+1 (p) − Z (p) + Θ k (p)/β)i,j  , (21)
+ (A
2
the solution of which is readily achieved as
Z k+1 (p))i,j =
(Z
Ψ (p))i,j
(Ψ
Ψ (p))i,j |
|(Ψ



Ψ (p))i,j | − λ/β, 0 , |(Z
Z (p))i,j | = 0,
max |(Ψ
Z (p))i,j | = 0,
0
, |(Z
(22)

where Ψ (p) = A k+1 (p) + Θ k (p)/β. These solutions can also be
compactly formulated by a soft-thresholding operator, i.e.,
Ak+1 (p) + Θ k (p)/β, λ/β) ,
Z k+1 (p) = soft (A

(23)

where the soft function is deſned as
Ω , μ) = sgn (Ω
Ω )  max {|Ω
Ω | − μ, 0} ,
soft (Ω
∀ Ω ∈ RKM ×M , μ > 0,

Ak+1 (p) − Z k+1 (p)) .
Θ k+1 (p) = Θ k (p) + β (A

(25)

Therefore, we obtain the solution of (14) by iteratively calculating
(18), (23), (25), and so get the suboptimal prediction coefſcient matrix A s (p). It is found from Fig. 1(c) that we can obtain a sparse
prediction coefſcient matrix via this F/1 -norm optimization algorithm in a noisy environment.
Substituting A s (p) into (9), we then achieve the suboptimal prediction error matrix E s (n, p), from which we can obtain the crosscorrelation matrix of the prediction error signals R (p). Therefore,
we deſne an MCCC function according to R (p) [22]–[25] and then
obtain a new TDOA estimator based on MCSTSP.
2.3. Regularization Parameter

−1

T

sgn (·) is the signum function,  denotes the dot product of two
matrices, all the other operations are performed in a component-wise
way. Finally, the Lagrangian multiplier matrix Θ (p) is updated by

(24)



It is found from (14) that the parameter λ plays an important role in
controlling the sparse level of the prediction coefſcient matrix. This
parameter is mostly affected by the microphone signals, i.e., X (n, p)
and Y (n, p). Herein, we consider to determine λ by the following
choice:
Y (n, p)∞ ,
XT (n, p)Y
λ = δX

(26)

where
M

Z∞ = max
Z
j

|zi,j |

(27)

i=1

denotes the ∞ -norm for any matrix Z with the (i, j)th entry of zi,j
and δ is a positive number.
3. EXPERIMENTS
3.1. Experimental Environments
All the experiments are carried out in a simulated room of size
7 m × 6 m × 3 m. An equispaced linear array, which consists of
six omnidirectional microphones with the inter-element spacing being 0.1 m, is used to collect the microphones’ output signals. For
ease of exposition, positions in the room are designated by (x, y, z)
coordinates with reference to the southwest corner of the room ƀoor.
The ſrst and sixth microphones of the array are at (3.25, 3.00, 1.40)
and (3.75, 3.00, 1.40), respectively. The sound source is located at
(2.49, 1.27, 1.40).
The source signal is a prerecorded clean speech signal, which is
sampled at 16 kHz, and the length of the signal is approximately 1
min. The impulse responses from the source to the six microphones
are generated using the image model [26]. The length of the impulse
responses is 2048 samples. The microphones’ outputs are obtained
by convolving the source signal with the corresponding generated
impulse responses and then adding zero-mean white Gaussian noise
to the results to control the signal-to-noise ratio (SNR).
In the simulations, the microphone signals are partitioned into
nonoverlapping frames with a frame length of 64 ms. Each frame
is windowed with a Hamming window, and a time delay estimate
is then obtained. Two performance metrics, namely the probability
of anomalous estimates and the root mean square error (RMSE) of
nonanomalous estimates, are used to evaluate the performance of
the TDE algorithms (see [22], [27], and [28] for the deſnition of
these two metrics and how to classify an estimate as an anomaly or a
nonanomaly). The total number of speech frames used for statistics
is 936 (the frame length is 1024 samples). The true time delay from
the sound source to the ſrst two microphones is 2.0 samples.
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Fig. 2. TDE performance versus the number of microphones in a
noisy (SNR=10 dB) and moderately reverberant (T60 =300 ms) environment: (a) the probability of anomalous time delay estimates and
(b) RMSE of nonanomalous time delay estimates.

Fig. 3. TDE performance versus SNR in a moderately reverberant
(T60 =300 ms) environment: (a) the probability of anomalous time
delay estimates and (b) RMSE of nonanomalous time delay estimates.

3.2. Results

from performance degradation when noise is strong. The developed
MCSTSP algorithm achieves a good compromise between MCCC
and MCSTP.

Figure 2 shows the the TDE results versus the number of microphones in a noisy (SNR=10 dB) and moderately reverberant
(T60 =300 ms) environment. It is seen that the probability of anomalous time delay estimates and RMSEs of nonanomalous time delay
estimates of the four algorithms generally decrease as the number of
microphones increases, which shows the effectiveness of the developed method in improving the TDE robustness by taking advantage
of the spatial and temporal information provided by the multiple sensors. For the case of two microphones, all the pre-whitening TDE algorithms do not achieve obvious superiority, while the original multichannel cross-correlation coefſcient (MCCC) algorithm [22], [23]
obtains slightly better performance. When multiple microphones are
employed, the MCCC algorithm has small probability of anomalous
estimates, but the corresponding RMSE is large. Although MCCC
with pre-whitening [24] and multichannel spatiotemporal prediction
(MCSTP) [25] algorithms obtain moderate RMSEs, the probability
of anomalous estimates is large. The MCSTSP algorithm, in comparison, achieves a good performance in terms of both the anomalous estimates and the RMSE, which implies that the multichannel
sparse prediction is effective for TDE in dealing with both noise and
reverberation.
Figure 3 illustrates the TDE results versus SNR in a moderately
reverberant (T60 =300 ms) environment. It is seen that the original
MCCC algorithm yields the best performance in low SNR environments, but it is most sensitive to reverberation when SNR is high.
The pre-whitening MCCC algorithm achieves good robustness to reverberation as compared to MCCC. The MCSTP and pre-whitening
MCCC algorithms obtain comparable TDE performance in low SNR
environments; the former, however, has a better robustness to reverberation due to its optimal pre-whitening ability [25]. Although
the two TDE algorithms with pre-whitening obtain considerable performance improvement under reverberation conditions, they suffer



4. CONCLUSIONS
In this paper, a new time delay estimator based on MCSTP is developed from a multichannel sparse linear prediction perspective. This
algorithm uses the sparsity of the spatiotemporal prediction coefſcient matrix to improve the TDE performance. The MCSTSP algorithm is effectively solved by ADMM. Experimental results show
that the MCSTSP algorithm offers an effective compromise between
the MCCC and MCSTP algorithms. A proper value of δ needs to be
found in practical applications, depending on the level of noise and
reverberation.
5. RELATION TO PRIOR WORK
It is a difſcult and challenging problem to make TDE robust to both
noise and reverberation in room acoustic environments. The MCCC
algorithm extends the traditional cross-correlation method from two
to multiple channels. It exploits the spatial information among multiple microphones to improve the robustness of TDE with respect
to noise [22], [23]; but the MCCC is found sensitive to reverberation. The MCSTP algorithm, which exploits both spatial and temporal information, improves the robustness of TDE to reverberation
due to its optimal pre-whitening ability [25]; this algorithm, however, is sensitive to additive noise. In an earlier study [29], we developed a two-channel sparse linear prediction algorithm for TDE,
which transforms the TDE problem into one of 2 /1 -norm based
optimization by introducing a sparse regularization term to the least
squares criterion. This algorithm can improve TDE performance in
both noise and reverberation. This paper generalizes the work in [29]
from the two-channel to the multichannel case.
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