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ABSTRACT
This paper presents a method to design optimal linear differential
microphone arrays (DMAs) by optimizing the array geometry. By
constraining the DMA beamformer to achieve a given target value of
the directivity factor (DF) with a specified target frequency-invariant
beampattern while achieving also the highest possible white noise
gain (WNG), an optimization algorithm is developed, which consists
of the following two steps. 1) The full frequency band of interest is
divided into a few subbands. At every subband, the entire linear ar-
ray is divided into subarrays and the number of subarrays depends
on the total number of the sensors and the order of the DMA. A
cost function is then defined, which is minimized to determine what
subarray produces the optimal performance. 2) The subband opti-
mal subarrays are then combined across the entire frequency band to
form a fullband cost function, from which the geometry of the entire
array is optimized. These two steps are repeated with the particle
swarm optimization (PSO) algorithm until the desired array perfor-
mance is reached. Simulation results demonstrate that the proposed
method can obtain the target DF with a frequency-invariant beampat-
tern over a wide band of frequencies while maintaining a reasonable
level of WNG.

Index Terms—Differential microphone array, array geometry
optimization, directivity factor, white noise gain.

1. INTRODUCTION
Generally, the design of beamformers focuses on finding the opti-
mal beamforming filter under some criterion with a specified array
geometry [1, 2], such as linear [1, 3], circular [4–6], concentric cir-
cular [7–9], and spherical [10, 11] arrays, etc. Another way to im-
prove beamforming performance, e.g., increasing the array direc-
tivity, controlling sidelobe levels and grating lobes, and improving
the robustness, is by optimizing the array geometry, which has also
attracted much attention [12–18]. For example, in [19], a superdirec-
tive beamformer was developed based on sparse aperiodic planar ar-
rays by simultaneously optimizing the sensors’ positions and beam-
forming filters, where the obtained beamformer can achieve better
performance in terms of robustness and sidelobe levels. In [20], a
robust superdirective beamformer was presented based on the opti-
mization of the array geometry and beamforming filter by using the
particle swarm optimization (PSO) algorithm, which can achieve a
better tradeoff between the white noise gain (WNG) and the direc-
tivity factor (DF) than the traditional superdirective beamforming
methods.

Differential microphone arrays (DMAs) [1,21] are very promis-
ing in dealing with broadband signals for their frequency-invariant
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beampatterns and high directivity gains. However, DMAs often suf-
fer from white noise amplification at low frequencies and beampat-
tern distortion at high frequencies. Clearly, the array geometry plays
an important role on the DMA performance. So, this paper presents
an approach to the design of DMAs of high performance by optimiz-
ing the array geometry under the constraints of minimum tolerable
interelement spacing and maximum tolerable array aperture. The
approach taken here is to divide the entire array into different subar-
rays and the optimal subarray geometries at different frequencies are
identified. The array geometry is then optimized iteratively by the
PSO algorithm.

2. SIGNAL MODEL, PROBLEM FORMULATION, AND
PERFORMANCE MEASURES

We consider a nonuniform linear array with M omnidirectional mi-
crophones as illustrated in Fig. 1, where the distance from the mth
sensor to the reference (the first microphone) is equal to ρm, m =
1, 2, . . . ,M , with ρ1 = 0. If we denote the azimuth angle by θ, the
steering vector corresponding to θ is given by [22]

d (ω, θ) =
[
1 e−ρ2ωcos θ/c · · · e−ρMωcos θ/c

]T
, (1)

where  is the imaginary unit with 2 = −1, ω = 2πf is the angular
frequency, f > 0 is the temporal frequency, c is the speed of sound
in air, which is generally assumed to be 340 m/s, and the superscript
T is the transpose operator.

Linear DMAs have very limited steering flexibility. Therefore,
in the design of differential beamformers, it is generally assumed that
the signal of interest comes from the endfire direction, i.e., θ = 0. In
this case, the microphone array observation signal vector is written
as

y (ω) =
[
Y1 (ω) Y2 (ω) · · · YM (ω)

]T
= d (ω)X (ω) + v (ω) ,

(2)
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Fig. 1. Illustration of a nonuniform linear microphone array and a
subarray. The distance from the mth sensor to the reference micro-
phone is ρm, m = 1, 2, . . . ,M , with ρ1 = 0.



where Ym (ω) is the received signal at themth microphone, d(ω) =
d(ω, 0) is the steering vector for θ = 0, X(ω) is the zero-mean
source signal of interest, and v(ω) is the zero-mean noise signal
vector defined in a similar way to y(ω).

The beamforming process consists of applying a complex
weight vector:

h (ω) =
[
H1 (ω) H2 (ω) · · · HM (ω)

]T
, (3)

to the noisy observation vector to obtain an output, i.e.,

Z (ω) = hH (ω)y (ω)

= hH (ω)d (ω)X (ω) + hH (ω)v (ω) ,
(4)

where Z(ω) is the estimate of the signal of interest, X(ω), and the
superscript H is the conjugate-transpose operator.

In our context, the distortionless constraint in the desired look
direction is needed, i.e.,

hH (ω)d (ω) = 1. (5)

With the above signal model and formulation, the problem of
beamforming becomes one of designing a “good” beamforming fil-
ter, h (ω), under the constraint in (5). To evaluate how good is
the designed beamforming filter, we adopt three widely used per-
formance measures: beampattern, WNG, and DF.

The beampattern, which quantifies the sensitivity of the beam-
former to a plane wave impinging on the array from the direction θ,
is defined as

B [h (ω) , θ] = hH (ω)d (ω, θ) . (6)

The WNG measures the robustness of a beamformer; it is defined
as [23]

W [h (ω)] =

∣∣hH (ω)d (ω)
∣∣2

hH (ω)h (ω)
. (7)

The DF quantifies how directive is the beamformer. It can be written
as [23]

D [h (ω)] =

∣∣hH (ω)d (ω)
∣∣2

hH (ω)Γd (ω)h (ω)
, (8)

where the elements of the M ×M matrix Γd (ω) are given by

[Γd (ω)]ij = sinc

[
ω(ρi − ρj)

c

]
, (9)

with i, j = 1, 2, . . . ,M , and sinc(x) = sinx/x.

3. CONVENTIONAL DMA
Ideally, the frequency-independent beampattern of an N th-order
DMA is of the following form [24]:

BN (θ) =
N∑
n=0

aN,n cos
n θ, (10)

where aN,n, n = 0, 1, . . . , N are real coefficients determining the
shape of the beampattern.

Let us adopt the DMA design method presented in [1]. If we
assume that the target N th-order DMA beampattern has N distinct

nulls, which satisfy 0◦ < θN,1 < · · · < θN,N ≤ 180◦, the prob-
lem of DMA beamforming can be converted to one of solving the
following linear equations:

D (ω)h (ω) = i1, (11)

where

D (ω) =


dH (ω, 0◦)

dH (ω, θN,1)
...

dH (ω, θN,N )

 (12)

is a matrix of size (N + 1)×M , and i1 = [1 0 · · · 0]T is a vector
of length (N + 1).

To design an N th-order DMA, at least N + 1 microphones are
needed, i.e., M ≥ N + 1. If M = N + 1, the solution of (11) is

h (ω) = D−1 (ω) i1. (13)

However, the solution given in (13) may suffer from serious white
noise amplification at low frequencies. This issue can be mitigated
by increasing the number of microphones so that M > N + 1. In
this case, we can obtain a minimum-norm solution of (11), i.e.,

hMN (ω) = DH (ω)
[
D (ω)DH (ω)

]−1

i1, (14)

which is also referred to as the maximum WNG (MWNG) differen-
tial beamformer as it naturally maximizes the WNG [21].

4. DMA DESIGN BY OPTIMIZING THE ARRAY
GEOMETRY

While it mitigates the white noise amplification problem, the
MWNG beamformer may introduce beampattern distortion, such as
extra nulls in the beampatterns at high frequencies [21]. In [25], a so-
called zero-off unit circle (ZOU) DMA beamformer was proposed to
deal with the extra-null problem with the MWNG beamformer. But
the resulting beampatterns may still vary with frequency. In this
paper, we attempt to design optimal nonuniform linear DMA beam-
formers by optimizing the array geometry.

Let us define the following vector to denote the geometry of a
nonuniform linear array:

ρ =
[
ρ1 ρ2 · · · ρM

]T
, (15)

where ρm is the spacing between the mth sensor and the reference
point as shown in Fig. 1. We optimize the array geometry, i.e., the
values of ρm, with a given maximum number of microphones, M , a
pre-specified minimum tolerable interelement spacing, δmin, and the
maximum tolerable array aperture Lmax, to achieve the target value
of the DF and the highest possible value of the WNG.

To design an N th-order differential beamformer, we can either
use all the sensors or a subset of the sensors for a given frequency
band. With a given array of M microphones to design an N th-order
DMA, there are K different combinations of subarrays, i.e.,

K =

M∑
M=N+1

(
M

M

)
, (16)

where
(
M
M

)
represents the number of all the combinations of M

elements taken from the M different sensors. Without loss of
generality, we denote the geometry of the kth subarray as ρsub,k,



k = 1, 2, . . . ,K. Then, the objective is to find the optimal combi-
nation of the subarrays under certain conditions to achieve the best
beamforming performance.

Once the geometry vector ρ is specified, for each subarray,
ρsub,k, the steering vector is defined analogously to (1), and the
beamforming filter, h

(
ω,ρsub,k

)
, is computed using the minimum-

norm method given in Section 3. Then, we can define the following
cost function for the kth subarray at the frequency ω:

J
[
h
(
ω,ρsub,k

)]
= µ1

{
D
[
h
(
ω,ρsub,k

)]
−D0

}2
+ µ2W

[
h
(
ω,ρsub,k

)]
, (17)

where D0 is the desired, target value of the DF, D
[
h
(
ω,ρsub,k

)]
and W

[
h
(
ω,ρsub,k

)]
are, respectively, the DF and WNG of the

kth subarray with the beamforming filter h
(
ω,ρsub,k

)
, and µ1 and

µ2 are two (real) weighting coefficients.
The optimal subarray geometry at frequency ω is then deter-

mined as

ρsub,o,ω = argmin
ρsub,k

J
[
h
(
ω,ρsub,k

)]
. (18)

Combining the optimal subarray geometries, ρsub,o,ω , at different
frequencies across the entire frequency band of interest, we obtain
the subarray set:

Cρsub
=
{
ρsub,o,ω

}
. (19)

A fullband cost function based on Cρsub
is then formed as

J (Cρsub
) =

∑
ω

J
[
h
(
ω,ρsub,o,ω

)]
. (20)

Finally, the optimal subarray set is determined by

Cρsub,o
= argmin

Cρsub

J (Cρsub
) s. t. δρ ≥ δmin, Lρ ≤ Lmax,

(21)

where δρ is the minimum interelement spacing under array geometry
ρ, δmin is the minimum tolerable interelement spacing, Lρ is the
array aperture, and Lmax is the maximum tolerable array aperture.
In the implementation, the optimization process is realized with the
PSO algorithm, which is summarized in Table 1.

5. SIMULATIONS
We consider a nonuniform linear array consisting of 16 micro-
phones, the minimum tolerable interelement spacing is set to δmin =
0.4 cm (the value of δmin should be chosen according to the size of
the sensors that are used in practical applications), the maximum tol-
erable array aperture is set to Lmax = 15 cm. The desired directivity
pattern is chosen as the second order supercardioid, which has two
nulls at 106◦ and 153◦, respectively, and the corresponding DF is
D0 = 8.0 dB.

To optimize the array geometry, we first divide the 8-kHz full
frequency band into 80 uniform subbands. In every subband, the
entire array is divided into subarrays based on the given 16 mi-
crophones and DMA order of 2. The optimal subarray geometry
is then identified from all the possibilities using the enumeration
method [26] according to the cost function defined in (17), and the
fullband array geometry is optimized by minimizing the fullband
cost function given in (20) using the PSO algorithm as summarized
in Table 1. In the PSO algorithm, the acceleration factor and inertia
weight are set to γ = 1.4961 and ε = 0.7298, respectively [28].
In our implementation, the variables in (17) are calculated in the dB

Table 1. DMA optimization algorithm based on PSO.
Parameters:

acceleration factor, γ
inertia weight, ε
random number, κ ∼ U(0, γ)

Initialization:
velocity, ξ ← ξ0

geometry, ρ← ρ0

compute Cρsub
based on ρ

ρtemp = ρ
ρo = ρ

Repeat:
Update the velocity ξ and the geometry ρ

ξ ← ε · ξ + κγ · (ρtemp − ρ) + κγ · (ρo − ρ)
If δρ+ξ ≥ δmin and Lρ+ξ ≤ Lmax

ρ← ρ+ ξ
For each frequency ω

For each subarray ρsub,k

Compute the cost function J
[
h
(
ω,ρsub,k

)]
End

End
Find ρsub,o,ω

Form the subarray set Cρsub

Compute the fullband cost J (Cρsub
), J

(
Cρtemp,sub

)
If J (Cρsub

) < J
(
Cρtemp,sub

)
ρtemp = ρ
Cρtemp,sub

= Cρsub

Compute the fullband cost function J
(
Cρo,sub

)
If J

(
Cρtemp,sub

)
< J

(
Cρo,sub

)
ρo = ρtemp

Cρbest,sub
= Cρtemp,sub

Cρsub,o
= Cρo,sub

End

scale, and the weight coefficients in (17) are set to µ1 = 1000 and
µ2 = −1, respectively. The aperture of the subarrays is limited to
less than ςλ, where λ is the acoustic wavelength. An empirical value
of ς = 0.75 is used in our experiment.

For comparison, the performances of the conventional DMA de-
signed with the null-constraint method [1], the MWNG DMA [21],
and ZOU DMA [25] are also presented. The conventional DMA is
designed with a uniform linear array of M = 3 and δ = 1 cm, and
the MWNG and ZOU beamformers are designed with a uniform lin-
ear array of M = 16 and δ = 1 cm, so that the array aperture is
equal to Lmax used in the simulations.

Figure 2 plots the DFs and the WNGs as a function of the
frequency of the conventional, MWNG, ZOU, and proposed op-
timal DMA beamformers. It is seen that the conventional DMA
has achieved the desired value of the DF (slightly varying with fre-
quency), but it suffers from serious white noise amplification at low
frequencies. The MWNG and ZOU DMA beamformers greatly im-
prove the WNG; but the resulting DFs varies with frequency, in-
dicating that the beampattern of the designed beamformer may be
different from the target directivity pattern. In contrast, the proposed
optimal DMA has almost frequency-invariant DF and maintains the
WNG at a reasonable level in the studied frequency range. Note
that practical systems can tolerate some amount of white noise am-
plification depending on the quality of the microphones. So, in our
simulations, the WNG is controlled to be slightly smaller than 0 dB.



Fig. 2. The optimized array geometry and the beamforming perfor-
mance: (a) the optimized array geometry, (b) DF as a function of the
frequency, and (c) WNG as a function of the frequency.

This level can be adjusted by setting a proper value of µ2.
Figure 3 plots the 3-dimensional beampatterns of the four stud-

ied methods. It is clearly seen from Fig. 3(a) that the beampattern
of the DMA with the conventional method is almost the same as
the target directivity pattern and is almost frequency invariant. The
beampattern of the MWNG beamformer varies with frequency and
it is different from the target beampattern at high frequencies as seen
from Fig. 3(b). The ZOU beamformer has successfully mitigated the
extra-null problem with the MWNG beamformer, but its beampat-
tern still varies slightly with frequency. In comparison, the proposed
optimal DMA has achieved frequency-invariant beampattern in the
entire frequency band of interest.

6. CONCLUSIONS
In this paper, we presented a method to design optimal nonuni-
form linear DMAs by optimizing subarray geometries and opti-
mal subarray combination. With a specified target directivity pat-
tern, this method optimizes the array geometry via two optimization
processes: the first one identifies the optimal subarray geometries
based on which the subarray set is formed, and the other optimizes
the array geometry. In comparison with the popularly used exist-
ing approaches, the proposed method can achieve better frequency-
invariant DF within the wide frequency band of interest while main-
taining the WNG to a reasonable level.

7. RELATION TO PRIOR WORK
Beamforming is a critical approach to speech enhancement in com-
plex acoustic environments. Many beamforming algorithms have

Fig. 3. Beampatterns of the conventional, MWNG, ZOU, and the
developed optimal DMAs: (a) conventional, (b) MWNG, (c) ZOU,
and (d) proposed optimal.

been developed in the literature [29], such as the delay-and-sum
beamformer [30, 31], the superdirective beamformers [32–34], and
the differential beamformers [35, 36]. One important factor that
may significantly affect the beamforming performance is the array
geometry, whose optimization is proven to improve performance
[37–42]. The DMAs, which are generally small in size and have
almost frequency-invariant beampatterns, have been widely used for
processing broadband signals such as speech [1, 3]. Traditionally,
DMAs are implemented in a multistage way, which lacks flexibility
in controlling white noise amplification [3]. Recently, a frequency-
domain approach was developed to design DMAs with null con-
straints from the target beampattern, which offers the flexibility to
design DMAs of different orders and deal with the white noise am-
plification problem with the MWNG method. [1, 21]. However, the
MWNG differential beamformer may suffer from beampattern dis-
tortion at high frequencies [21], which makes the designed beam-
pattern no longer resemble the target beampattern. This paper de-
veloped a method to design optimal nonuniform linear DMAs by
optimizing the array geometry, which can achieve the target DF and
frequency-invariant beampattern while maintaining the WNG to a
reasonable level.
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