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On the Design of Target Beampatterns for
Differential Microphone Arrays

Chao Pan , Jingdong Chen , Jacob Benesty , and Guangming Shi

Abstract—Differential microphone arrays (DMAs) have many
interesting properties and have been widely used in acoustic, au-
dio, and speech applications. A critical part of a DMA is the differ-
ential beamformer, which is generally designed in two important
steps: 1) specifying a target beampattern based on what differen-
tial sound pressure field the DMA is expected to respond to and
2) designing the differential beamforming filter so that the result-
ing beampattern matches the target one. Most efforts in the study
of DMAs so far have focused on the second step while choosing
one of the limited patterns available in the literature as the target
beampattern. Since it governs how the array performs, how to de-
sign the target beampattern is an important problem, which this
paper addresses. The major contributions of this paper consists of
the following four aspects. First, a positive superposition theorem
is presented, which shows that the linear combination of effective
beampatterns with non-negative coefficients is always an effective
beampattern. Second, we propose a general approach to the design
of target DMA beampatterns based on the positive superposition
theorem. Third, an overview of the classical target beampatterns
is provided and discussion is made on how to form effective base
patterns. Fourth, we show that the smallest first null of a DMA is
π/(2N) with N being the DMA order, which provides the rule
of setting nulls in practice. Finally, with examples, we show that
with the use of the alternating-direction-method-of-multipliers al-
gorithm, the proposed approach is able to generate useful DMA
target beampatterns.

Index Terms—Differential microphone arrays, differential
beamforming, target beampattern, ADMM algorithm.
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I. INTRODUCTION

UNLIKE traditional microphone arrays that are responsive
to the sound pressure field, differential microphone arrays

(DMAs) estimate the signal of interest while rejecting noise si-
multaneously by measuring the differential sound pressure field.
DMAs have a number of salient properties including: 1) their
aperture is generally small because the inter-element spacing of
the array is required to be small to measure the differential sound
pressure field; 2) the beampatterns of DMAs are approximately
independent of frequencies [1]–[3]; 3) the directivity factors of
DMAs are usually higher than those of additive microphone
arrays with the same number of senors. These features make
DMAs attractive in communication and human-machine in-
terface systems in order to acquire and process broadband
speech and audio signals in room acoustic environments. As
a result, intensive efforts have been devoted to the design
of DMAs and development of the associated beamforming
algorithms.

The basic principle of DMAs can be traced back to the 1940s
when Olson demonstrated that measuring the 1st-order differen-
tial sound pressure field can make a differential sensor have some
spatial directivity [1]. This principle was then used to design
DMAs and it was reported that different directivity patterns can
be achieved by either applying proper time delays to the signals
before subtraction or combing different orders of DMAs. Later
in [3]–[5], Elko et al. systematically investigated DMAs based
on a multistage-subtraction (multistage-cascaded) structure. The
relationship between the time delays at each stage and the corre-
sponding directivity pattern were investigated and some classical
beampatterns such as the dipole, cardioid, supercardioid, and hy-
percardioid were derived. In [2], [6], and [7], a null-constrained
DMA design method was proposed, and the sensitivity of DMAs
to the array imperfections were studied systematically. Mean-
while, the so-called robust DMAs, which have higher white
noise gain (WNG) as compared to the traditional DMAs, were
proposed by sacrificing the order of DMAs and exploiting the
remaining degrees of freedom from the array to improve WNG.
In [2], [8]–[10], series-expansion methods were proposed to de-
sign differential beamformers, which share the same principle as
the traditional series-expansion-based beamforming approaches
[11]–[17]. Besides the aforementioned works, other interesting
contributions have been made over the last few decades, e.g.,
study of DMA performance in the presence of different types
of noise [18], [19], and design of DMAs with different array
geometries [20]–[22].
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Early efforts in DMA research was focused on DMA prin-
ciples, and the design of the array and the associated circuits.
As digital signal processing becomes more dominant, the fo-
cus of DMA design has slowly shifted from the array design
to the design of differential beamformers, which are the cen-
tral component of a DMA. Generally, the design of differential
beamformers consists of two important steps. The first one is to
specify a target beampattern based on the application require-
ments including what differential sound pressure field the DMA
is expected to respond to, what directivity factor and WNG the
DMA is required to achieve, etc. While the second step is to
design the differential beamforming filter so that the resulting
beampattern matches the target beampattern as much as possi-
ble. So far, most efforts in the literature are devoted to the second
step while choosing a very limited number of patterns available
in the literature as the target beampattern, e.g., the dipole which
has a grating lobe at the opposite look direction [2], [5], the car-
dioid which has a higher WNG than other beampatterns [23], the
hypercardioid which has the maximum array gain in the spheri-
cal/cylindrical isotropic noise [5], [24], the supercardioid which
has the maximum (weighted) front-to-back ratio [5], [24], the
patterns with a flat response in some region [25], and the patterns
derived from the Chebyshev polynomials [5]. Since it governs
how the array performs in terms of the array gain, robustness,
and directional noise suppression, how to design the target beam-
pattern is an important problem, which will be addressed in this
paper. There are two important factors that have to be considered
during the design of a target beampattern.

1) Effectiveness: it means that the maximum gain of the
beampattern has to occur in the look direction; otherwise,
the resulting differential beamformer may either attenuate
the signal of interest from the look direction or amplifies
noise from other directions.

2) Requirements of the Applications: the target beampattern
should have nulls in the directions where strong noise and
interferences occur most likely in the application. In other
words, the target beampattern should achieve maximum
noise rejection while preserving the signal of interest.

These two factors will be jointly considered in this paper. We
propose a general approach to the design of target beampatterns
based on a positive superposition theorem. With this approach,
a target beampattern is expressed as a linear combination of a
set of base patterns with nonnegative weighting coefficients, and
its effectiveness is guaranteed by the positive superposition the-
orem. Using this method, we formulate the target beampattern
design problem into an optimization one. We then show how to
solve this optimization problem with the alternating-direction-
method-of-multipliers (ADMM) algorithm [26]. Since the pre-
sented approach requires a set of effective base patterns, we de-
rive several classes which are based on some classical patterns
developed in the literature. Examples are presented to validate
the feasibility of the presented method.

The organization of the rest of this paper is as follows.
Section II presents the background and motivation of this work
as well as a new design approach. Section III discusses how to
design effective target beampatterns with the proposed approach
based on the null information, and how to solve the optimization

Fig. 1. Illustration of the used DMA coordinate system.

problem with the ADMM algorithm. The construction of base
patterns for the presented approach is addressed in Section IV.
Section V verifies the feasibility of developed method with ex-
amples. Finally, conclusions are summarized in Section VI.

II. BACKGROUND, OBJECTIVE, AND APPROACH

A. Background Knowledge and Target Beampatterns of DMAs

Let us denote the sound pressure at the original point (0, 0, 0)
as p0(t), where t is the time index. If we consider a plane wave

propagating to the position r
�
= [rx ry rz]

T , with the superscript
T being the transpose operator, from the direction (θ, φ) as il-
lustrated in Fig. 1 and neglect the propagation loss, the sound
pressure at r can be expressed as

p(t, r) = p0(t− τr), (1)

where

τr = −1

c
(rx sin θ cosφ+ ry sin θ sinφ+ rz cos θ) , (2)

with c being the sound speed in the air.
The first-order differential sound pressure field is defined

by the directional derivative of p(t, r) along a direction η
�
=

[ηx ηy ηz]
T . Mathematically, the first-order differential sound

pressure field can be expressed as

D(1)
η [p(t, r)]

�
= lim

μ→0

p(t, μη + r)− p(t, r)
μ

(3)

=
∂p(t, r)

∂rx
ηx +

∂p(t, r)

∂ry
ηy +

∂p(t, r)

∂rz
ηz. (4)

Now, let us consider a particular case where ηx = ηy = 0 and
ηz = 1, i.e., the direction of the derivative is along the z-axis. In
this case, (4) can be rewritten as

D(1)
η [p(t, r)] =

∂p(t, r)

∂rz

= F−1
[
∂P (ω, r)

∂rz

]

= F−1 [(jω/c) cos θP (ω, r)]
= cos θ ×F−1 [(jω/c)P (ω, r)] , (5)

where P (ω, r) = F [p(t, r)] and j is the imaginary unit, with
F [·] being the Fourier transform and F−1 [·] its inverse.
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In a similar way, the n th-order differential sound pressure
field along the z-axis can be derived as

D(n)
η [p(t, r)] =

∂np(t, r)

∂rnz

= F−1
[
∂nP (ω, r)

∂rnz

]

= F−1 [(jω/c)n cosn(θ)P (ω, r)]
= cosn(θ)×F−1 [(jω/c)nP (ω, r)]
= cosn(θ)× [p(t, r) ∗ �(t)] , (6)

where �(t) = F−1 [(jω/c)n] and ∗ denotes linear convolution.
Therefore, by measuring the differential sound pressure field, a
system can attenuate plane waves from different directions in
a different manner. This naturally produces a spatial directivity
pattern, which is also referred to as the beampattern in array
signal processing. As seen, the beampattern associated with the
N th-order differential sound pressure field is cosN (θ), which
is the well-known dipole pattern. However, this directivity pat-
tern may not be appropriate or optimal for many if not most
applications.

To increase the diversity of the beampatterns, a popular way
is to measure a combination of differential sound pressure fields
from the order 0 to the order N , instead of just the N th-order
one. According to (6), the corresponding beampatterns can then
be expressed as

B(θ) =
N∑

n=0

	n cos
n(θ), (7)

where 	n’s are some real coefficients, N is a nonnegative inte-
ger number, and cosn(θ) is the beampattern associated with the
nth order differential sound pressure field. For linear DMAs, it
is generally assumed that the look direction is at the endfire di-
rection, i.e., θ = 0◦. Therefore, the sum of the coefficients 	n’s
should satisfy

N∑
n=0

	n = 1. (8)

While it gives a great diversity in the beampatterns, (7) also
brings some challenges, e.g., if the values of the coefficients 	n’s
are not properly set, the resulting beampattern may attenuate the
signal of interest from the look direction while amplifying noise
from other directions.

Now, given a small spacing microphone array that can perform
differential beamforming, the design of differential beamform-
ers generally follows two steps: 1) choose a target DMA beam-
pattern by setting proper values of 	n’s in (7); and 2) design the
differential beamforming filter so that the resulting beampattern
is as close as possible to the target beampattern. In the liter-
ature, most efforts focused on the second step while typically
choosing the dipole, cardioid, supercardioid, or hypercardioid
patterns as the target beampatterns. In this paper, we focus on
the first step and present a general approach to the design of
target beampatterns. For ease of exposition, we focus on linear
DMAs and assume that the look direction is 0◦. It should be

noted that the method and results presented in this work can be
easily generalized to other array geometries with different look
directions.

B. Sufficient Condition for Effective Target Beampatterns

Definititon II.1 (SE-condition): A target beampattern is an
effective and a valid one if and only if the maximum of its am-
plitude appears at the look direction. Otherwise, the associated
DMA will either attenuate the signal of interest from the look
direction or amplify noise from some other directions. So, the
sufficient condition for a pattern to be an effective target beam-
pattern is expressed as

|B(θ)| ≤ |B(0◦)| , ∀θ ∈ [0◦, 180◦]. (9)

To ensure that the signal of interest from the look direction is
not distorted, it is desirable to have the following constraint:

B(0◦) = 1. (10)

For convenience, we define the condition in (9) and (10) as the
SE-condition, where “SE” stands for “sufficient condition for a
target beampattern to be effective.”

C. Properties of the Desired Target Beampattern

According to (7), B(θ) is an N th-order polynomial with re-
spect to cos θ. Therefore, it can be rewritten as [2]

B(θ) = ζ0

N∏
n=1

(cos θ − ζn) , (11)

where ζn = cos θ0;n with θ0;n (n = 1, 2, . . . , N ) being the
nulls of the beampattern, and ζ0 = 1/

∏N
n=1 (1− ζn) according

to (10).
For a given set of the nulls, it is clear that the beampattern

can be determined according to (11). In case that the resulting
beampattern satisfy the SE-condition, the set of the nulls is called
well-conditioned; otherwise, it is called ill-conditioned.

The objective of this paper is to find approaches to the design
of target beampatterns based on a set of nulls, which satisfy the
SE-condition.

D. Proposed Approach to Effective Target Beampatterns

Theorem II.1 (Positive Superposition Theorem): For a set of
beampatterns {Bl(θ), l = 0, 1, 2, . . . , L} of no more than the
N th order satisfying the SE-condition and the distortionless con-
straint in (10), and a set of nonnegative coefficients {αl, l =
0, 1, 2, . . . , L}, the following beampattern:

Bα(θ) =
L∑

l=0

αlBl(θ), (12)

where

α =
[
α0 α1 · · · αL

]T
, (13)

always satisfies the SE-condition, i.e., the beampattern given in
(12) is also effective and valid.
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Proof: Consider the Holder’s inequality:
(∑

i

|aibi|
)
≤
(∑

i

|ai|p
)1/p(∑

i

|bi|q
)1/q

, (14)

where 1/p+ 1/q = 1,∀p, q ∈ [1,∞]. For p = 1 and q =∞, we
have (∑

i

|aibi|
)
≤
(∑

i

|ai|
)
max

i
|bi| . (15)

Given that (
∑

i aibi)
2 ≤ (

∑
i |aibi|)2, we have

(∑
i

aibi

)2

≤
(∑

i

|ai|
)2 (

max
i
|bi|
)2
. (16)

Setting ai = αi and bi = Bi(θ), and considering thatαi ≥ 0 and
maxi |Bi(θ)| ≤ 1, we have[∑

i

αiBi(θ)
]2
≤
[∑

i

|αi|
]2 [

max
i
|Bi(θ)|

]2

≤
(∑

i

αi

)2

. (17)

It follows immediately then that

B2α(θ) =
[∑

l

αlBl(θ)
]2

≤
(∑

l

αl

)2

= B2α(0). (18)

End of the proof. �
As long as the beampattern is formed based on the positive

superposition theorem, the effectiveness is guaranteed theoret-
ically. According to (12), the design of a target beampattern
consists of two steps.
� Identify a set of effective beampatterns, i.e., Bl(θ), l =
0, 1, . . . , L, which satisfy the SE-condition.

� Find a set of nonnegative coefficients, i.e., αl’s, so that
the beampattern formed according to (12) have nulls at the
desired null directions θ0;n (n = 1, 2, . . . , N ).

The set of effective beampatterns can be formed by the widely
used beampatterns including cardioid, supercardioid, hypercar-
dioid, etc, details of which will be presented in Section IV. In
Section III, we show how to transform the determination of the
values of αl’s into an optimization problem and how to solve it
using the well-known ADMM algorithm.

III. TARGET BEAMPATTERN DESIGN WITH THE

NULL INFORMATION

Suppose that we have L+ 1 effective beampatterns Bl(θ),
l = 0, 1, . . . , L of orders no more than N . Now, designing a
target beampattern becomes one of finding a proper set of non-
negative αl’s such that the beampattern Bα(θ) has nulls in the
desired null directions. For convenience, we callBl(θ)’s the base
patterns in the rest of this paper.

Since they are polynomials with respect to cos θ of orders no
more than N , all the base patterns can be expressed as

Bl(θ) = xT (θ)�l, ∀l = 0, 1, . . . , L, (19)

where

x(θ) =
[
1 cos θ · · · cosN θ

]T
, (20)

�l =
[
	l;0 	l;1 · · · 	l;N

]T
. (21)

Substituting (19) into (12), we can rewrite the beampattern as

Bα(θ) =
L∑

l=0

αlx
T (θ)�l (22)

= xT (θ)Ψα, (23)

where

Ψ =
[
�0 �1 · · · �L

]
. (24)

If we assume that the N desired nulls are in the directions
θ0;1, θ0;2, . . . , θ0;N , the optimization problem of finding the vec-
tor α can be described as

Bα(θ0;n) = 0, ∀n = 1, 2, . . . , N

s.t. xT (0)Ψα = 1

αl ≥ 0, ∀l = 0, 1, . . . , L, (25)

where the equality constraint ensures that the array response in
the look direction is 1, and the inequality constraints ensure the
effectiveness of the resulting target beampattern.

Unfortunately, the optimization problem in (25) does not have
a feasible solution in general. Let us relax the problem as follows:

min
α

N∑
n=1

|Bα(θ0;n)| s.t. xT (0)Ψα = 1

αl ≥ 0, ∀l = 0, 1, . . . , L. (26)

Here, we choose the sum of the absolute values instead of the
squared absolute values as the cost function. The underlying
reason is that the �1-norm leads to sparse solutions [27], and a
sparser solution in our case means more nulls in the beampattern
(an example is shown in Fig. 2).

Substituting (23) into (26), we can rewrite the optimization
problem as

min
α
‖XTΨα‖1 s.t. xT (0)Ψα = 1

αl ≥ 0, ∀l = 0, 1, . . . , L, (27)

where ‖ · ‖1 denotes the �1-norm of a vector and

X =
[
x(θ0;1) x(θ0;2) · · · x(θ0;N )

]
(28)

is a matrix of size (N + 1)×N . It can be verified that the term
xT (0)Ψ is actually an all-one vector due to the constraint in (10).
This optimization problem is now convex. Various methods can
be applied to find the optimal solution. In this work, we solve the
problem in (27) using the well-known ADMM algorithm [26];
details of which are shown in Appendix A. The interested reader
can also use some existing toolboxes such as CVX [28]. Note
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Fig. 2. Beampatterns resulting from (a) minimization of the sum of the squared
absolute values and (b) minimization of the sum of the absolute values. The order
of the beampattern is N = 3 and the set of the desired nulls is {30◦, 60◦, 90◦}.

that discussing the ADMM algorithm is not the main thrust of
this paper.

IV. EXAMPLES OF BASE PATTERNS

In this section, we discuss base patterns of order Q (Q ≤ N )
based on the classical target beampatterns including the dipole,
cardioid, supercardioid, hypercardioid, Chebyshev beampat-
terns, etc.

A. Null Constrained

Suppose that the nulls of the base pattern of orderQ are known
a priori. We have

B(θ) = 1∏Q
q=1(1− ζq)

Q∏
q=1

(cos θ − ζq), (29)

where ζq = cos θ0;q (q = 1, 2, . . . , Q) with θ0;q’s being the nulls
of the beampattern.

In the case that all the nulls are in [90◦, 180◦], we have ζq ∈
[−1, 0], ∀q = 1, 2, . . . , Q. It can be proved that

|cos θ − ζq|2 ≤ |1− ζq|2 , ∀q = 1, 2, . . . , Q. (30)

Thus, we have

Q∏
q=1

|cos θ − ζq|2 ≤
Q∏

q=1

|1− ζq|2 , (31)

which leads to

B2(θ) ≤ B2(0). (32)

Therefore, we conclude that the base pattern with all the nulls
in [90◦, 180◦] always satisfies the SE-condition.

Let us consider a particular case where all the nulls of the base
pattern are in the same direction [23], i.e.,

B(θ) = 1

(1− ζ1)Q (cos θ − ζ1)Q

=

Q∑
q=0

Q!

(Q− q)!q! ×
(−ζ1)Q−q
(1− ζ1)Q cosq θ, (33)

where ζ1 = cos θ0;1 ∈ [−1, 0], with θ0;1 being the unique null
of multiplicity of Q. In this particular case, we have

	q =

⎧⎨
⎩

Q!

(Q− q)!q! ×
(−ζ1)Q−q
(1− ζ1)Q , q ≤ Q

0, else
. (34)

SettingQ and ζ1 to different values, we can generate many base
patterns. One can check that the well-known dipole and cardioid
patterns of orderQ ([2], [5]) correspond to ζ1 = 0 and ζ1 = −1
in (33), respectively.

B. Hypercardioid

The hypercardioid corresponds to the beampattern with maxi-
mum directivity factor (DF). Its coefficients can be derived from
[5], [24]

�Hd = argmax
�

B2 (0)
1
2

∫ π

0 B2 (θ) sin θdθ
s.t. �Tx(0) = 1

= argmin
�

�TΥHd� s.t. �Tx(0) = 1

=
Υ−1Hdx(0)

xT (0)Υ−1Hdx(0)
, (35)

whereΥHd is a matrix of size (Q+ 1)× (Q+ 1)whose (i, j)th
element is

[ΥHd]i,j =
1

2

∫ 1

−1
xi+j−2dx =

1 + (−1)i+j

2(i+ j − 1)
. (36)

Note that a more general case of the hypercardioid can be
derived from [24]

max
�

B2 (0)
1
2

∫ π

0 ψ(θ)B2 (θ) sin θdθ s.t.�Tx(0) = 1, (37)

where ψ(θ) is a proper weight function. For example, if ψ(θ) =
1/ sin θ, the resulting beampattern is the cylindrical hypercar-
dioid.

C. Supercardioid

The supercardioid corresponds to the beampattern with max-
imum front-to-back ratio. Its coefficients can be derived from
[5], [24]

�Sd = argmax
�

∫ π/2

0 B2 (θ) sin θdθ∫ π

π/2 B2 (θ) sin θdθ
s.t.�Tx(0) = 1

= argmax
�

�TΥSd,f�

�TΥSd,b�
s.t. �Tx(0) = 1, (38)

where ΥSd,f and ΥSd,b are two matrices of size (Q+ 1)×
(Q+ 1), and whose (i, j)th elements are

[ΥSd,f ]i,j =

∫ 1

0

xi+j−2dx =
1

i+ j − 1
(39)

and

[ΥSd,b]i,j =

∫ 0

−1
xi+j−2dx =

(−1)i+j

i+ j − 1
, (40)
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respectively. It can be deduced that

�Sd =
1

xT (0)νmax
νmax, (41)

where νmax is the eigenvector corresponding to the maximum
eigenvalue of Υ−1Sd,bΥSd,f .

Again, a more general case of the supercardioid can be derived
from [24]

max
�

∫ θTH

0 ψ(θ)B2 (θ) sin θdθ∫ π

θTH
ψ(θ)B2 (θ) sin θdθ s.t. �Tx(0) = 1, (42)

where ψ(θ) is a proper weight function and θTH ∈ (0, π) is a
threshold parameter. By adding the constraint [25]:

∫ θTH

0

∣∣∣∣∂B (θ)∂θ

∣∣∣∣
2

dθ ≤ ε (43)

into the optimization problem (42), where ε is a small positive
number, one can also control the flatness of the beampattern in
the interval [0, θTH].

D. Chebyshev-Type

AQ th-order Chebyshev polynomial with respect to the vari-
able z can be written as [5]

TQ(z) =

⎧⎨
⎩

cos(Q arccos z), |z| ≤ 1(
z −√z2 − 1

)Q
+
(
z +
√
z2 − 1

)Q
2

, |z| > 1

(44)

If we replace z with a cos θ + b, TQ(z) becomes a Q th-order
polynomial with respect to cos θ.

The Chebyshev polynomial is a cosine function when |z| ≤ 1
and, at the same time, it is a monotonically increasing or decreas-
ing function when |z| > 1. Therefore, as long as |a cos 0 + b| ≥
1 and |a cos 180◦ + b| ≤ |a cos 0 + b|, the base pattern:

B(θ) = 1

TQ(a+ b)
TQ(a cos θ + b) (45)

is always effective. The beampattern shape, the positions of the
nulls, and the mainlobe-to-sidelobe ratio can all be controlled
with the two parameters a and b.

Given the values of the parameters a and b, the nulls of the
Chebyshev-type beampattern are

θ0;q = arccos

{
1

a

[
cos

(
2q − 1

2Q
π

)
− b
]}

, q = 1, 2, . . . , Q.

(46)

Therefore, the firstQ+ 1 coefficients of the beampattern can be
deduced as

[�]1:Q+1 = Γ−1i, (47)

Fig. 3. log10 ‖Φα(k)‖1, i.e., log10 ‖XTΨα(k)‖1, as a function of the it-
eration index k with different values of the penalty parameter ρ.

where

Γ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 1 1 · · · 1
1 cos θ0;1 cos2 θ0;1 · · · cosQ θ0;1
1 cos θ0;2 cos2 θ0;2 · · · cosQ θ0;2
...

...
...

. . .
...

1 cos θ0;Q cos2 θ0;Q · · · cosQ θ0;Q

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

(48)

is a Vandermonde matrix and i = [1 0T ]T with 0 being a zero
vector of length Q.

In case that the mainlobe width, θMW [θMW ∈ (0, π)], is
given, we can compute a and b according to⎧⎨

⎩
a cos θMW + b = 1
a cosπ + b = −1
a+ b ≥ 1

. (49)

It is easy to deduce that

a =
2

1 + cos θMW
, (50)

b =
1− cos θMW

1 + cos θMW
, (51)

and the sidelobe level (SLL) is

SLL = 1/TQ

[
3− cos θMW

1 + cos θMW

]
. (52)

If we want to reject signals coming from the range from θRL

to θRH, we can calculate a and b according to⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

a cos θRL + b = 1
a cos θRH + b = −1
a cos 0 + b ≥ 1
a cosπ + b ≤ 0
|a cosπ + b| ≤ |a cos 0 + b|

. (53)

It can be deduced that

a =
2

cos θRL − cos θRH
, (54)
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Fig. 4. An example of target beampatterns designed by the proposed approach using the ADMM algorithm, where the pattern order is N = 3, three nulls are at
90◦, 120◦, and 180◦, εprim = εdual = 10−6, and ρ0 = 200. (a) Resulting beampattern and the associated αl’s; (b) varying the penalty parameter ρ with iteration
index k; (c) primal and dual residuals with iteration index k; and (d) cost function log10 ‖Φα(k)‖1.

b = −cos θRL + cos θRH

cos θRL − cos θRH
, (55)

0 ≥ cos θRL + cos θRH, (56)

and the sidelobe level is

SLL = 1/TQ

[
2− (cos θRL + cos θRH)

cos θRL − cos θRH

]
. (57)

E. Effective Combinations

Considering two base patternsB1(θ) andB2(θ), which satisfy
the SE-condition, it is easy to verify that

B(θ) = B1(θ)B2(θ) (58)

always satisfies the SE-condition, and the corresponding beam-
pattern coefficients are the convolution of those of the two base
patterns, i.e.,

	i =
∑
j

	1;j	2;i−j , i = 0, 1, . . . , Q. (59)

F. A Brief Summary

In the previous subsections, we have derived null-constrained
base patterns including the dipole, cardioid, supercardioid, hy-
percardioid, and Chebyshev patterns with different mainlobe
widths and sidelobe levels. It is shown that the combination
of those aforementioned patterns are also effective DMA base
patterns. Along with the monopole pattern, i.e., B(θ) = 1, one

can construct more sets of base patterns by setting different val-
ues of the parameters of those aforementioned base patterns,
e.g., the order, the nulls, the side-lobe level, etc.

Note that the first null (the null next to the look direction
[29]) is often used to describe the mainlobe width. It should
be pointed out that the smallest first null of a DMA is π/(2N),
i.e., 90◦/N (see Appendix A). Therefore, in practice, one should
never expect an effective beampattern having a first null smaller
than 90◦/N .

V. VERIFICATION

The purpose of this section is to show how to design tar-
get beampatterns with the proposed method. The effectiveness
of the resulting target beampattern is guaranteed by the positive
superposition theorem, which does not need further justification.
The organization of this section is as follows. In Section V-A,
we show how to build a set of base patterns. In Section V-B,
we verify the effectiveness of the ADMM algorithm to solve
our optimization problem. In Section V-C, we present exam-
ples designed by the proposed method and compare those with
the traditional ones. Finally, in Section V-D, we discuss how to
further improve the performance of the proposed method.

A. Construction of a Set of Base Patterns

To design a DMA target beampattern of order N with the
proposed approach, we need to first build a set of base patterns.
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Fig. 5. Examples of the target beampatterns designed with the proposed approach, where (a)–(d) are for the first order beampatterns; (e)–(h) are for the second
order beampatterns; (i)–(l) are for the third order beampatterns; (m)–(p) are for the fourth order beampatterns. The directions of desired nulls in the sub-figures are
respectively: (a) 60◦; (b) 90◦; (c) 135◦; (d) 180◦; (e) 60◦, 90◦; (f) 60◦, 100◦; (g) 60◦, 180◦; (h) 90◦, 180◦; (i) 45◦, 60◦, 90◦; (j) 40◦, 60◦, 135◦; (k) 60◦, 90◦, 115◦;
(l) 90◦, 135◦, 180◦; (m) 30◦, 45◦, 60◦, 90◦; (n) 45◦, 60◦, 90◦, 135◦; (o) 45◦, 60◦, 90◦, 180◦; (p) 60◦, 90◦, 135◦, 180◦.

In our examples, the base set consists of the following six classes
of patterns.
� The first base pattern is the monopole, i.e., B0(θ) = 1.
� The second class consists of the beampatterns with only one

null (can be of multiplicity), where the coefficients are cal-
culated according to (34) with ζ1 = cos(90◦ + j10◦), j =
0, 1, 2, . . . , 9, and the order Q = 1, 2, . . . , N .

� The third class is the hypercardioid of different orders,
where the coefficients are calculated according to (35) with
the order Q = 1, 2, . . . , N .

� The fourth class is the supercardioid of different orders,
where the coefficients are calculated according to (41) with
the order Q = 1, 2, . . . , N .

� The fifth class is the Chebyshev-type beampattern with
different mainlobe widths, where the coefficients are cal-
culated according to (47) with the order Q = 1, 2, . . . , N
and θMW = 0◦, 30◦, 60◦, 90◦, 120◦, 150◦.

� The sixth class is the Chebyshev-type beampattern under
controlled rejection zones, where the coefficients are cal-
culated according to (47) with the order Q = 1, 2, . . . , N ,
θRL = 30◦, 40◦, 50◦, 60◦, and θRH = θRL + 120◦.

In total, the set of base patterns consists of 22N + 1 patterns.

B. The ADMM Algorithm and an Example

According to (72), (73), and (74) in Appendix A, the value
of the parameter ρ should be set before solving the optimization
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problem in (27) by the ADMM algorithm. Figure 3 plots the
values of log10 ‖Φα(k)‖1 as a function of the parameter ρ and
the iteration index k, whereN = 3 and three nulls of the desired
beampattern are at 90◦, 120◦, and 180◦. As seen, we achieved
better results with a larger value of ρ, while the convergence
rate will be slower as the value of ρ increases. To reduce the
sensitivity of the algorithm to the parameter ρ, we choose a
varying penalty parameter according to (78); more details of
which can be found in [26], [30], and [31]. Two parameters
εprim and εdual are set to be 10−6 in the stopping criteria (75).
The initial penalty parameter ρ is set to be ρ(1) = 200.

A target beampattern design example is shown in Fig. 4.
Figure 4(a) plots the designed target beampattern and the values
of the associated αl’s with N = 3 and three nulls at 90◦, 120◦,
and 180◦. As one can see, this beampattern can be constructed
with only four base patterns, and the gains in the nulls’ direc-
tions are very close to zero according to the cost function in
Fig. 4(d). Figure 4(c) plots the primal and dual residuals with
the iteration index k and Fig. 4(b) plots the value of the varying
penalty parameter ρ with the iteration index k. As seen, at the
beginning, the dual residual is larger than 10 times of the primal
one and the value of ρ decreases with iteration. After the first
several iterations, the dual residual is very small.

C. Comparison With the Null-Constrained Design Method

In this subsection, we briefly compared the presented method
with the null-constrained method, which is fundamental method
to design target beampatterns. The corresponding beampatterns
can be formed from (11) directly. Figure 5(d), (h), (l), and (p)
plot the results with well-conditioned nulls, which shows that
constraining the beampattern to form nulls in the desired direc-
tions will lead to effective beampatterns. Figure 5(a), (e), (i),
and (m) plot the results with ill-conditioned nulls, where all the
nulls are in (0◦, 90◦). One can observe that those beampatterns
are not effective. In comparison, all the beampatterns designed
by the presented method are effective.

D. Validation on a Large Data Set and the Evolution of the
Base-Pattern Set

In this subsection, the order of the target beampattern is set
to N = 4. To test the performance of the proposed method, we
generate one well-conditioned beampattern set with 105 sam-
ples, and one ill-conditioned beampattern set with 105 sam-
ples as well. The performance is then evaluated by show-
ing the value of the beampattern at the direction of desired
nulls.
� The results associated with the ill-conditioned set are

shown in Fig. 6(b). It can be seen that the algorithm does
yield nulls in most null directions.

� The results corresponding to the well-conditioned set are
shown in Fig. 6(a). As seen, the presented approach suc-
cessfully formed nulls in the nulls’ directions most of the
time; but, it failed for a small number of sets. The underly-
ing reason may be that the number of patterns in the base
set is not sufficiently large.

Fig. 6. The histogram of values at nulls’ directions with primary base-pattern
set. (a) Well-conditioned testing set. (b) Ill-conditioned testing set.

Fig. 7. The histogram of values at nulls’ directions with expanded base-pattern
set. (a) Well-conditioned testing set. (b) Ill-conditioned testing set.

To expand the base-pattern set, we generate another well-
conditioned beampattern set with 105 samples; the set for ex-
panding is not the same as the set for testing. The base-pattern
set is expanded by the following two steps.

Step 1: Redesign the beampatterns with the proposed method,
and check the value of

∑N
n=1 |B(θ0;n)| for each beam-

pattern. Pick up the beampattern corresponding to the
maximum value.

Step 2: Add the beampattern to the base-pattern set. Go back
to step 1.

After 154 iterations, the maximum value of
∑N

n=1 |B(θ0;n)|
is smaller than 10−3; then, we end the iteration. The total num-
ber of the base patterns is now 243. With the new base-pattern
set, the performance on the testing set is shown in Fig. 7. As
seen, the number of failure cases remarkably decreased. So, in
practice, one can reduce the failure cases by increasing the base
set.

VI. CONCLUSIONS

The target beampattern of a DMA determines the array perfor-
mance and how the array responds to the differential sound pres-
sure field of different orders. A well-determined target beam-
pattern can make the DMA perform better in terms of signal
preservation and noise reduction. In this paper, we presented an
approach to the design of target DMA beampatterns based on
the nulls that we want to place in these target beampatterns. The
major contribution consists of five aspects. First, we presented a
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superposition theorem, which shows that the linear combination
of any two effective base patterns with nonnegative coefficients
is still an effective beampattern. Second, we formulated the tar-
get beampattern design problem into one of optimization, which
can be solved by the well-known ADMM algorithm. Third, since
the presented approach requires a set of effective base patterns,
we derived many effective base beampatterns based on the use
of some classical principles developed in the DMA literature.
Fourth, we showed that the smallest first null of a DMA is
π/(2N)withN being the order of the DMA, which provides the
rule of setting nulls in practice. Finally, by designing beampat-
terns with representative sets of nulls, we validated the feasibility
of the presented approach to the design of effective and valid tar-
get beampatterns. The results demonstrated that the presented
method is able to form effective beampatterns as long as the base
set is sufficiently large.

APPENDIX A
SOLVING THE OPTIMIZATION PROBLEM WITH THE

ADMM ALGORITHM

Defining Φ = XTΨ and η = ΨTx(0), we can rewrite (27)
as

min
α
‖Φα‖1 s.t. ηTα = 1

αl ≥ 0, ∀l = 0, 1, . . . , L. (60)

If we define a new vector z = Φα, (60) can be rewritten as

min
α,z
‖z‖1 s.t. Φα− z = 0

ηTα = 1

αl ≥ 0, ∀l = 0, 1, . . . , L. (61)

Now, if we take

A =

[
ηT

Φ

]
, B =

[
0
−I
]
, and c =

[
1
0

]
,

(61) can be further rewritten as

min
α,z
‖z‖1 s.t. Aα+Bz = c

αl ≥ 0, ∀l = 0, 1, . . . , L. (62)

As a result, the corresponding augmented Lagrangian is

Lρ(α, z,y) = ‖z‖1 + yT (Aα+Bz− c)

+
ρ

2
‖Aα+Bz− c‖22

s.t. αl ≥ 0, ∀l = 0, 1, . . . , L. (63)

It follows then that the ADMM iteration process is

α(k+1) ← argmin
α
Lρ

[
α, z(k),yk

]
,

s.t. αl ≥ 0, ∀l = 0, 1, . . . , L, (64)

z(k+1) ← argmin
z
Lρ

[
α(k), z,yk

]
, (65)

y(k+1) ← y(k) + ρ
[
Aα(k) +Bz(k) − c

]
, (66)

which can be further written as

α(k+1) ← argmin
α

∥∥∥∥Aα−
[
c−Bz(k) − 2

ρ
y(k)

]∥∥∥∥
2

2

,

s.t. αl ≥ 0, ∀l = 0, 1, . . . , L, (67)

z(k+1) ← argmin
z
‖z‖1 +

ρ

2

∥∥∥∥z−
[
Φα(k) − 1

ρ
BTy(k)

]∥∥∥∥
2

2

,

(68)

y(k+1) ← y(k) + ρ
[
Aα(k) +Bz(k) − c

]
. (69)

The solution of the optimization problem in (68) has a closed
form, i.e.,

z(k+1) ← S 1
ρ

[
Φα(k) − 1

ρ
BTy(k)

]
, (70)

where

Sκ(a) = (1− κ/|a|)+a (71)

is a soft thresholding operator.
Therefore, the iterative process from (67) to (69) can be further

written as

α(k+1) ← argmin
α

∥∥∥∥Aα−
[
c−Bz(k) − 2

ρ
y(k)

]∥∥∥∥
2

2

,

s.t. αl ≥ 0, ∀l = 0, 1, . . . , L, (72)

z(k+1) ← S 1
ρ

[
Φα(k) − 1

ρ
BTy(k)

]
, (73)

y(k+1) ← y(k) + ρ
[
Aα(k) +Bz(k) − c

]
, (74)

where the optimization problem (67) can be solved with non-
negative least-squares (NNLS) algorithm derived in [32]. It is
the lsqnonneg function in Matlab; more details of which can be
found in [32].

Remark I: The iterative process stops if [26]

‖r(k+1)‖2 ≤ εprim and ‖s(k+1)‖2 ≤ εdual, (75)

where

r(k+1) = Aα(k+1) +Bz(k+1) − c, (76)

s(k+1) = ρATB
[
z(k+1) − z(k)

]
, (77)

are the primal and dual residuals, respectively.
Remark II: An effective and efficient scheme for varying the

penalty parameter ρ is [26], [30], [31]

ρ(k+1) =

⎧⎪⎨
⎪⎩

2ρ(k), if ‖r(k)‖2 ≥ 10‖s(k)‖2
1
2ρ

(k), if ‖s(k)‖2 ≥ 10‖r(k)‖2
ρ(k), otherwise

. (78)

The algorithm is summarized in Algorithm 1.

APPENDIX B
THE SMALLEST FIRST NULL OF DMAS

The first null of a beampattern is defined as the null closest to
the look direction. In this section, we derive the smallest first null
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Algorithm 1: Solve (27) by ADMM Algorithm.

[α,Ψ] = optimal_pattern_nulls(N, {θ0;n})
· Calculate Ψ according to Section IV
· Calculate X and x(0) according to (28) and (20)
· Calculate Φ, η, A, B and c according to Appendix A
· Set ρ(0) = 200, εprim = εdual = 10−6

· Set α(0) = [1 1 · · · 1]T /(L+ 1)
· Set z(0) = Φα(0)

· Set y(0) = ρ(0)
[
Aα(0) +Bz(0) − c

]
· For k = 1, 2, 3,...
· ρ = ρ(k−1);
· Calculate α(k) according to (72)
· Calculate z(k) according to (73) and (71)
· Calculate y(k) according to (74)
· Calculate r(k) and s(k) according to (76) and (77)
· If ‖r(k)‖2 ≤ εprim and ‖s(k)‖2 ≤ εdual
· α = α(k)

· Return α and Ψ
· End
· Calculate ρ(k) according to (78)

· End

of a DMA beampattern, which can provide the rule for setting
nulls in practice.

Let’s define the nulls as θ0;1 ≤ θ0;2 ≤ · · · ≤ θ0;N . Assum-
ing that we have an initial B(θ), the maximum value of the
|B(θ)| in the interval of [θ0;1, π] is equal to 1, and the B(θ) in
this interval is not equi-ripple. According to the alternation the-
orem [33], by changing the nulls θ0;2, . . . , θ0;N , we can have
an equi-ripple beampattern in which the absolute value of the
extrema is smaller than 1. Based on this derivation, the beam-
pattern that has the smallest first null satisfies the following two
properties.

1) The maximum absolute value of the extrema is equal
to 1. Otherwise, we can always have a smaller first
null.

2) The beampattern in the interval of [θ0;1, π] is equi-ripple.
Otherwise, we can always have an equi-ripple beampattern
whose absolute value of the extrema is smaller than 1, and
further we can have a smaller first null.

By considering that the value of the beampattern at θ = 0
is equal to 1, i.e., equal to the absolute value of the extrema,
B(0) can be viewed as an extrema if we take [0, π] as the in-
terval. Therefore, the beampattern that has the smallest first
nulls is the solution of the following minimax optimization
problem:

min t s.t. |B(θ)| ≤ t, ∀θ ∈ [0, π]

B(0) = 1. (79)

The solution is an equi-ripple beampattern and the absolute value
of the extrema is equal to 1.

Since B(θ) is an N th order polynomial with respect to cos θ,
the maximum number of nulls we have in the interval of [0, π] is
N . Therefore, the number of the extrema in the interval of (0, π)

Fig. 8. The histogram of the nulls with 1 million random beampatterns that
are effective: (a) N = 2, (b) N = 3, and (c) N = 4.

is N − 1. By considering the two extrema at θ = 0 and θ = π,
the solution of (79) has N + 1 extrema in total.

It can be verified that the N th order polynomial cos(Nθ)
has N + 1 extrema in the interval of [0, π], which are θk =
kπ/N, k = 0, 1, . . . , N . At the same time, it is an equi-ripple
beampattern, and the absolute value of the extrema is equal
to 1. Therefore, cos(Nθ) is the solution of (79). Since (79)
is a convex optimization problem, cos(Nθ) is the only solu-
tion. Therefore, it is safe to say that cos(Nθ) is the beampat-
tern having the smallest first null. The corresponding first null
is π/(2N).

To further verify this limitation, we randomly generate 1 mil-
lion effective beampatterns. The histogram of the nulls are shown
in Fig. 8. As we can see, no nulls smaller than π/(2N) can be
formed in the effective beampatterns.
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